Rules for integrands of the form (a+bx)" (c +dx)"

0: j(a+bx)'“ (c+dx) dx whenad-bc (m+2) =

Derivation: Algebraic expansion

Basis:If ad-bc (m+2) = 0,then c+dx == dabm2x

b (m+2)

Rule1.1.1.2.0:If ad -bc (m+2) = 0, then

d dx (a+bx)™?
J(a+bx)'“ (c+dx) dx — —J‘(a+bx)m (@a+b (m+2) x) dX » ——mMmM
b (m+2) b (m+2)
Int[(a_+b_.*x_)"m_.x(c_+d_.*x_),x_Symbol] :=
dxx* (a+b*x) ~ (m+1) / (b* (m+2)) /;
FreeQ[{a,b,c,d,m},x] & & EqQ[axd-bxcx (m+2),0]



Rules for integrands of the form (a+b x)~m (c+d x)~n

1. j(a+bx)'“(c+dx)“d1x whenbc-ad#@ Am+n+2=-0

1
1.J dx whenbc-ad#0
(a+bx) (c+dx)

1
1:J dx when bc+ad =0
(a+bx) (c+dx)

Derivation: Algebraic simplification

Basis: If bc + ad == 0, then (a+bx) (c+dx) =ac+bdx?

Rule1.1.1.2.1.1.1:If bc + ad == 0, then

1 1
j dx — J—dlx
(a+bx) (c+dx) ac+bdx?

Program code:

Int[1/((a_+b_.*x_)#*(c_+d_.*x_)),x_Symbol] :=
Int[1/ (a*c+bxdxx”2),x] /;
FreeQ[{a,b,c,d},x] && EqQ[bxc+axd,0]



Rules for integrands of the form (a+b x)~m (c+d x)~n

1
Z:J- dx whenbc-ad#0
(a+bx) (c+dx)

Derivation: Algebraic expansion

Basis: 1 b - d

(a+b x) (c+dx) (bc-ad) (a+bx) (bc-ad) (c+dx)

Rule1.1.1.2.1.1.2:If bc - ad # 9, then

1 b 1 d 1
J dx — j dx - J- dx
(a+bx) (c+dx) bc-adJa+bx bc-adJc+dx

Program code:

Int[1/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
b/ (bxc-axd) *xInt[1/ (a+bxx),x] - d/(bxc-axd)*Int[1/ (c+dxXx),x] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0]



Rules for integrands of the form (a+b x)~m (c+d x)~n

2: J(a+bx)'"(c+dx)"d1x whenbc-ad#@ Am+n+2=0 Am#-1

Reference: G&R 2.155, CRC 59a withm + n + 2 =
Reference: G&R 2.110.2 or2.110.6 withk =1andm+n + 2 ==
Derivation: Linear recurrence 3 withm + n + 2 =

Rule1.1.1.2.1.2:f bc-ad+0@ Am+n+2=0 A m# -1, then

(a+bx)™! (c+dx)"?

j(a+bx)'" (c+dx)"dx —
(bc-ad) (m+1)

Program code:

Int[(a_.+b_.*x_)"m_.%(c_.+d_.*x_)”n_,x_Symbol] :=
(a+bxx) A (m+1) * (c+d*x) ~ (n+1) / ((b*c-a*d) * (m+1)) /;
FreeQ[{a,b,c,d,m,n},x] && NeQ[bxc-axd,0] && EqQ[m+n+2,0] &&% NeQ[m,-1]



Rules for integrands of the form (a+b x)~m (c+d x)~n

2. f(a+bx)'“ (c+dx)"dx whenbc+ad=0 A n=m

1: J(a+bx)"‘ (c+dx)"dx whenbc+ad=0 A m+%ez"

Derivation: Inverted integration by parts

 Rulel.ll22L:lfbc+ad=0 A m+ L ez, then

X (a+bx)™" (c+dx)™

2acm

j(a+bx)'" (c+dx)"dx —

Program code:

Int[(a_+b_.*x_)"m_*(c_+d_.*x_)”~m_,x_Symbol] :=

2m+1

+ ~J-(a+bx)'“‘1 (c+dx)™tdx
2m+1

X* (a+b*x) *mx (c+d*x) *m/ (2xm+1) + 2xaxcxm/ (2xm+1) *Int[ (a+b*x)” (m-1) % (c+dxx) "~ (m-1) ,x] /;

FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && IGtQ[m+1/2,0]

2. J(a+bx)"‘ (c+dx)"dx whenbc+ad=0 A m+%eZ‘

1
1:J dx whenbc+ad==90
(a+bx)3?2 (c+dx)3/?

Rule 1.1.1.2.2.2.1:1f bc + ad = 9, then

1
J(a+bx)3/2 (c +dx)3/?

Program code:

Int[1/((a_+b_.*x_)"(3/2)*(c_+d_.*x_)"(3/2)),x_Symbol] :=
X/ (axc*xSqrt[a+bxx] *Sqrt[c+d*x]) /;
FreeQ[{a,b,c,d},x] && EqQ[bxc+axd,0]

dx —

X
acVa+bx Vc+dx



Rules for integrands of the form (a+b x)~m (c+d x)~n

2: J-(a+bx)m (c+dx)"dx when bc+ad=0 A m+§eZ‘

Derivation: Integration by parts

Basis: (a+bx)™ (c+dx)M == x2 (M1 (abX)Tleed )

X2 (m+1) +1
e _ (a+bx)™ (c+dx)™ - (a+b x)™?! (c+d x)™?
Basis: If b ¢ + ad == 0, then [{&2Xci@X)= g x == — LaRXIT L ey
Rule1.1.1.2.2.2.2:1f bc+ad =0 A m+ g € 7", then
i N x (a+bx)™! (c+dx)™?! 2m+3 et 1
J-(a+bx) (c+dx)"dx — - + j(a+bx) (c +dx) dx
2ac (m+1) 2ac (m+1)

Program code:

Int[(a_+b_.*x_)"m_*(c_+d_.*x_)”~m_,x_Symbol] :=

-X* (a+b*x) * (m+1) * (c+d*x) * (m+1) / (2%a*C* (m+1)) +

(2x¥m+3) / (2xa*Cx (M+1) ) *Int[ (a+bxx)~ (m+1) » (c+d*x) ~ (m+1) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && ILtQ[m+3/2,0]



Rules for integrands of the form (a+b x)~m (c+d x)~n

3: J(a+bx)'"(c+dx)'“d1x whenbc+ad=0 A (MeZ V a>0 A c>0)

Derivation: Algebraic simplification

Basis:f bc+ad=0 A (mMmeZ V a>0 A c>0),then (a+bx)" (c+dx)"= (ac+bdx?)"

Rule1.1.1.2.23:If bc+ad=0 A (meZ V a>0 A c>0),then

J(a+bx)’" (c+dx)"dx — j(ac+bdx2)mdx

Program code:

Int[(a_+b_.*x_)"m_.*(c_+d_.*x_)"m_.,x_Symbol] :=
Int[ (a*c+bxd*x"2) " m,x] /;
FreeQ[{a,b,c,d,m},x] & & EqQ[bxc+axd,0] && (IntegerQ[m] || GtQ[a,0] &% GtQ[c,0])



Rules for integrands of the form (a+b x)~m (c+d x)~n

4: J(a+bx)"‘ (c+dx)"dx whenbc+ad=0 A 2m¢Z

Derivation: Piecewise constant extraction

Basis: If b ¢ + a d == 0, then 9, (2:bx1"(cxdXIT __ g
(ac+bdx?)

.-, FracPart[m] d X) FracPart[m]
Basis: If b ¢ + ad == 0, then 2tbx)" (c+dx)T . (a+bX] (et
’ (a c+bdx2)m (a c+bdx2)Fracpart[m]

Rule1.1.1.2.24:If bc+ad =0 A 2m ¢ Z, then

(a+bx) FracPart[m] (c+dx) FracPart[m]

(a c+bd xz) FracPart[m]

J(a+bx)'“ (c+dx)"dx —

J(ac+bdx2)mdx

Program code:

Int[(a_+b_.*x_)"m_x (c_+d_.*x_)"m_,x_Symbol] :=
(a+bxx) "FracPart [m] * (c+dxx) ~*FracPart[m] / (axc+bxd*xx"2) *FracPart [m] *Int[ (a*c+bxdxx”*2) m,x] /;
FreeQ[{a,b,c,d,m},x] & & EqQ[bxc+axd,0] && Not[IntegerQ[2xm]]

2. j(a+bx)'“(c+dx)"c’llx whenbc-ad#@ Am+1e€Z A ng¢z

1: j(a+bx)'“(c+dx)“d1x whenbc-ad#@ Am+1e€eZ An¢Z An>0

Reference: G&R 2.110.3 0r2.110.4 withk = 1

Derivation: Integration by parts

e m__ (a+b x)™?
Basis: (a + b x)™ == Oy b (me1)

Rule1.1.1.25.1:lf bc-ad+@ Am+1ecZ An¢Z A n>0,then



Rules for integrands of the form (a+b x)~m (c+d x)~n
(a+bx)™! (c+dx)" dn

b (m+1) _b(m+1)

J(a+bx)"‘(c+dx)"d1x—> J.(a+bx)’“+1 (c +dx)"tax

Program code:
Int[(a_.+b_.*x_)”"m_=*(c_.+d_.*x_)"*n_,x_Symbol] :=
(a+bxx) A (m+1) * (c+dxx) *n/ (bx (m+1)) -

dxn/ (bx (m+1) ) *Int[ (a+b*xx)”~ (m+1) * (c+d*x)~(n-1) ,x] /;
FreeQ[{a,b,c,d,n},x] & & NeQ[bxc-axd,0] &% ILtQ[m,-1] && Not[IntegerQ[n]] && GtQ[n,0]

2: j(a+bx)'"(c+dx)"d1x whenbc-ad#@ Am+1€Z An¢Z An<o

Reference: G&R 2.155, CRC 59a
Reference: G&R 2.110.2 or 2.110.6 with k = 1

Derivation: Integration by parts
m+n+2 _(a+bx)"

. m n __
Basis: (a+bx)™ (c+dx)" = (c+dx) Crd )
fe. _(atbx)™ (a+b x) M1
Basis: (c+d x)m™2 Ox (bc-ad) (m+1) (c+dx)ml
Rulel1l.1.124:1f bc-ad+0@ Am+1ecZ An¢Z A n<0,then
(a+bx)™?! (c+dx)"? d(m+n+2) s
J(a+bx)"‘(c+dx)"d1x — - J(a+bx)"‘* (c+dx)"dx
(bc-ad) (m+1) (bc-ad) (m+1)

Program code:

Int[(a_.+b_.*x_)”"m_=*(c_.+d_.*x_)”n_,x_Symbol] :=

(a+b*xx) A (m+1) * (c+d*x)~ (n+1) / ((bxc-axd) » (m+1)) -

dx (m+n+2) / ((bxc-axd) * (m+1) ) *Int[ (a+b*x) "~ (m+1) » (c+d*x)*n,x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] && ILtQ[m,-1] && Not[IntegerQ[n]] && LtQ[n,0]



Rules for integrands of the form (a+b x)~m (c+d x)~n

3. J(a+bx)'“ (c+dx)"dx whenbc-ad#0 A mez

1: J(a+bx)"‘ (c+dx)"dx whenbc-ad#0 A mez*

Derivation: Algebraic expansion

Rule1.1.1.23.1:If bc-ad +0 A me z", then

~J.(a+bx)'“ (c+dx)"dx — jExpandIntegr‘and[(a +bx)" (c+dx)", x] dx

Program code:

Int[(a_.+b_.*x_)™m_.%(c_.+d_.*x_)"n_.,x_Symbol] :
Int [ExpandIntegrand[ (a+b*x) *m* (c+d*Xx)~*n,x],x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] && IGtQ[m,0] &&
(Not[IntegerQ[n]] || EqQ[c,0] && LeQ[7*m+4xn+4,0] || LtQ[9*m+5% (n+1),0] || GtQ[m+n+2,0])

2: f(a+bx)'"(c+dx)"d1x whenbc-ad#@ AmeZ A nez

Derivation: Algebraic expansion

Rule1.1.1.23.2:ff bc-ad+0@ AmeZ A neZ,then

J(a +bx)" (c+dx)"dx — jExpandIntegr‘and[ (@a+bx)" (c+dx)", x] dx

Program code:

Int[ (a_+b_.*x_)"m_x(c_.+d_.*x_)"n_.,x_Symbol] :=

Int [ExpandIntegrand[ (a+b*x) *m% (c+dxXx)~*n,x],x] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && ILtQ[m,0] && IntegerQ[n] && Not[IGtQ[n,0] && LtQ[m+n+2,0]]

10



Rules for integrands of the form (a+b x)~m (c+d x)~n

4: J(a+bx)'“(c+dx)"dlx whenbc-ad#@ Am+n+2eZ- Am#-1

Reference: G&R 2.155, CRC 59a

Reference: G&R 2.110.2 or 2.110.6 with k = 1
Derivation: Linear recurrence 3

Derivation: Integration by parts

Basis: (a+bx)™ (c+dx)" = (c+dx)™n2 (abx)®

(c+d x) M2

Rulel.1.1.24:1f bc-ad+#@ Am+n+2ecZ A m#+# -1,then

(a+bx)™?! (c+dx)"? d(m+n+2)

J(a+bx)"‘(c+dx)"d1x—> _
(bc-ad) (m+1) (bc-ad) (m+1)

Program code:

Int[(a_.+b_.*x_)"m_=*(c_.+d_.*x_)"n_,x_Symbol] :=
(a+b*x) A (m+1) * (c+d*x) ~ (n+1) / ((b*c-axd) » (m+1)) -
d«Simplify [m+n+2] /((bxc-axd)  (m+1) ) +Int [ (a+bxx) ~Simplify [m+1]+ (c+dxx)~n,x] /;
FreeQ[{a,b,c,d,m,n},x] && NeQ[bxc-axd,0] & ILtQ[Simplify[m+n+2],0] & NeQ[m,-1] &&
Not[LtQ[m,-1] && LtQ[n,-1] && (EqQ[a,0®] || NeQ[c,0] && LtQ[m-n,0] && IntegerQ[n])] &&
(SumsimplerQ[m,1] || Not[SumSimplerQ[n,1]])

J(a+bx)"‘*1 (c+dx)"dx

11



Rules for integrands of the form (a+b x)~m (c+d x)~n

5. J(a+bx)'“(c+dx)"dlx whenbc-ad#0 A n>0

1: f(a+bx)"‘(c+dx)"dlx whenbc-ad#@ An>0 Am<-1

Reference: G&R 2.110.3 0r2.110.4 withk = 1

Derivation: Integration by parts

e m __ (a+b x)m™?!
Basis: (a + b x)™ == Oy b (me1)

Note:Ifn € Zandm ¢ Z, there is no need to drive mtoward @ along with n.

Rule1.1.1.25.1:1f bc-ad+#© A n>0 A m< -1, then

(@a+bx)™! (c+dx)" dn

b (m+1) T b (m+1)

‘J\(a+bx)"‘(c+dx)"d1x—> J(a+bx)’“*1 (c+dx)"Tdx

Program code:

Int[1/((a_+b_.*x_)"(9/4)*(c_+d_.*x_)"(1/4)),x_Symbol] :=
-4/ (5xbx (a+bxx)~ (5/4) » (c+dxx)~ (1/4)) - d/ (5%b) *Int[1/ ((a+bxx)" (5/4) % (c+d*X)~(5/4)),X] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && NegQ[a”2xb”"2]

Int[(a_.+b_.*x_)"m_x(c_.+d_.*x_)"n_,x_Symbol] :=
(a+bxx) A (m+1) * (c+d*x) *n/ (bx (m+1)) -
dxn/ (bx (m+1) ) *Int[ (a+bxx) "~ (m+1) * (c+d*Xx)~(n-1) ,x] /;

FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && GtQ[n,0] &% LtQ[m,-1] &% Not[IntegerQ[n] && Not[IntegerQ[m]]] &&
Not[ILeQ[m+n+2,0] & (FractionQ[m] || GeQ[2xn+m+1,0])] && IntLinearQ[a,b,c,d,m,n,x]
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Rules for integrands of the form (a+b x)~m (c+d x)~n

Z~fw+bxﬂ(c+d@"dwanbc—ad¢eAn>0Aan+1¢0

Reference: G&R 2.151, CRC 59b

Reference: G&R 2.110.1 or 2.110.5 withk = 1
Derivation: Linear recurrence 2

Derivation: Inverted integration by parts

Rule1.1.1.25.2:1f bc-ad+@ An>0 Am+n+1%0,then

(a+bx)™! (c+dx)" n(bc-ad)
+

b(m+n+1) b(m+n+1)

J\(a+bx)'"(c+dx)"dlx—> J(a+bX)m(C+dX)"'1d1x

Program code:

Int[1/((a_+b_.*x_)"(5/4)*(c_+d_.*x_)"(1/4)),x_Symbol] :=
-2/ (b*x (a+b*x) " (1/4) » (c+d*x)~(1/4)) + c*xInt[1/ ((a+bxx)”"(5/4)* (c+dxx)”(5/4)),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && NegQ[a”2xb"2]

Int[ (a_+b_.*x_)"m_x(c_+d_.*x_)”"n_,x_Symbol] :=
(a+bxx)~ (m+1) * (c+d*x) *n/ (b* (m+n+1)) +
2xcxn/ (m+n+1) *Int [ (a+b*Xx) *mx (c+d*x)~ (n-1) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc+axd,0] && IGtQ[m+1/2,0] && IGtQ[n+1/2,0] && LtQ[m,n]

Int[(a_.+b_.*x_)"m_=*(c_.+d_.*x_)”"n_,x_Symbol] :=
(a+b*x) ~ (m+1) * (c+d*x) *n/ (b* (m+n+1)) +
n* (bxc-axd) / (bx (m+n+1) ) *Int [ (a+b*x) *mx (c+d*x)~ (n-1) ,x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] &% GtQ[n,0] && NeQ[m+n+1,0] &&
Not [IGtQ[m,0] && (Not[IntegerQ[n]] || GtQ[m,0] && LtQ[m-n,0])] &&
Not[ILtQ[m+n+2,0]] && IntLinearQ[a,b,c,d,m,n,x]



Rules for integrands of the form (a+b x)~m (c+d x)~n

6: j(a+bx)'“ (c+dx)"dx whenbc-ad#0 A m< -1

Reference: G&R 2.155, CRC 59a

Reference: G&R 2.110.2 or 2.110.6 with k = 1
Derivation: Linear recurrence 3

Derivation: Integration by parts

Basis: (a+bx)™ (c+dx)" = (c+dx)™n2 (abx)®

(c+d x) M2

Rulel1l.1.1.26:1f bc-ad +0 A m< -1, then

(a+bx)™?! (c+dx)"? d(m+n+2)

(bc-ad) (m+1) _(bc—ad) (m+1)

J\(a+bx)"‘(c+dx)"d1x—> j(a+bx)"‘*1 (c+dx)"dx

Program code:

Int[(a_.+b_.*x_)"m_=*(c_.+d_.*x_)"n_,x_Symbol] :=
(a+b*x) A (m+1) * (c+d*x) ~ (n+1) / ((b*c-axd) » (m+1)) -
dx (m+n+2) / ((bxc-axd) * (m+1) ) *Int[ (a+b*x)* (m+1) » (c+d*x)*n,x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[bxc-axd,0] &% LtQ[m,-1] &&
Not[LtQ[n,-1] & & (EqQ[a,0] || NeQ[c,0] && LtQ[m-n,0] && IntegerQ[n])] && IntLinearQ[a,b,c,d,m,n,x]

7. j(a+bx)“‘(c+dx)"dlx when bc-ad#0 A -1<m<@ A -1<n<®©

dx when bc-ad#0

1
1.j
Ya+bx Vec+dx

dx whena+c==0 Ab-d==0 A a>0

1
1:J
YVa+bx Vec+dx

Rule1.1.1.2.7.1.1:if a+c=0 A b-d =0 A a> 0,then

14



Rules for integrands of the form (a+b x)~m (c+d x)~n

1 1 b x
f dx — —Ar‘cCosh[—]
b

Ya+bx Vc+dx

Program code:

Int[1/ (Sqrt[a_+b_.*x_]*Sqrt[c_+d_.*x_]),x_Symbol] :=
ArcCosh[bxx/a]l/b /;
FreeQ[{a,b,c,d},x] && EqQ[a+c,0] && EqQ[b-d,0] && GtQ[a,Q]

1
Z:J dx whenb+d=0 A a+c>0

YVa+bx Vec+dx

Derivation: Algebraic simplification

a

Basis: If a + ¢ > 0,then (@+bx)" (c-bx)"= ((a+bx) (c-bx))"= (ac-b (a-c)x-b2x*)"

Rule1.1.1.2.7.1.2:1f b+d =0 A a+ c > 0, then

1

1
J dlx—>J
YVa+bx Vc+dx Vac—b(a

Program code:

Int[1/ (Sqrt[a_+b_.*x_]*Sqrt[c_.+d_.*x_]),x_Symbol] :=
Int[1/Sqrt[axc-bx (a-c) *x-b"2xx"*2],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b+d,0] && GtQ[a+c,0]

-¢c) x-b%x?

dx
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Rules for integrands of the form (a+b x)~m (c+d x)~n

1
3:J- dx whenbc-ad>0 A b>0

Va+bx Vec+dx

Derivation: Integration by substitution

J

1

Basis: If b > 0, then ——— - -2 subst[ —2——, x, Va+bx ] 8, Va+bx
Vasbx Verdx Vb \Vbe-adsdx?
© Rule1.1.12.7.13:f bc-ad >0 A b > 0, then
1 2
J. dx — —— Subst
Ya+bx Vc+dx ‘\/F

Program code:

Int[1/(Sqrt[a_.+b_.*x_]*Sqrt[c_.+d_.*x_]),x_Symbol] :=
2/Sqrt[b] *Subst [Int[1/Sqrt[bxc-axd+d*x*2],x],x,Sqrt[a+bxx]] /;
FreeQ[{a,b,c,d},x] && GtQ[bxc-axd,0] && GtQ[b,0]

Vbc-ad+dx?

dx, X, \/a+bx]
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Rules for integrands of the form (a+b x)~m (c+d x)~n

1
Z.J dx whenbc-ad#0
(a+bx) (c+dx)/3

1
1:J dx when 224 5 o
(a+bx) (c+dx)/3 b

Derivation: Integration by substitution

bc-ad)1/3 1 o 1 B _ 3 1/3 1/3
Basis: Let q= (22¢)™, then i T ey T SUbst[ 2 - SR X, (€4 dX) ] 0 (e 4 dX)
Rule1.1.1.2.7.2.1: If 224 > @, let q- (2=2¢)”, then
1
J dx —
(a+bx) (c+dx)?/3
L b 3 1 3
_Logla+bx] Subst[f dx, X, (c+dx)1’3] +—Subst[J—dlx, X, (c+dx)1’3]
2bq 2bq q-X 2b g% +qx +x2

Program code:

Int[1l/((a_.+b_.*x_)*(c_.+d_.%x_)~(1/3)),x_Symbol] :=
With[{q=Rt[ (bxc-axd)/b,3]},
-Log [RemoveContent [a+b*x,x]]/ (2xb%xq) -
3/ (2xbxq) *Subst [Int[1/ (g-X) ,X],X, (C+d*X) " (1/3)] +
3/ (2xb) *Subst [Int[1/ (q"2+q*X+X"2) ,X],X, (c+d*x)~(1/3)]] /;
FreeQ[{a,b,c,d},x] && PosQ[ (bxc-axd) /b]

1
2: J. dx when 2524 4 o
(a+bx) (c+dx)/3 b

Derivation: Integration by substitution

Basis: Let q- (—%)1/3, then z = z - Subst - 2 > %, (€+dx)*?] o (c+dx)*?

(a+bx) (c+dx)/3 2q (a+bx) 2bq (q+X) 2b (q%-q x+x2)

Rule 1.1.1.2.7.2.2: If 2<-24 3 9, letq- (-2=2¢)"", then



Rules for integrands of the form (a+b x)~m (c+d x)~n

1
J dx —
(a+bx) (c+dx)/3
Log[a + b x]

3 1 3
Subst[J dx, x, (c +dx)1/3] + —Subst[J
2bq 2bq q+X 2b q°

Program code:

Int[1/((a_.+b_.*x_)*(c_.+d_.*x_)"(1/3)),x_Symbol] :=
With[{q=Rt[- (bxc-axd) /b,3]},
Log [RemoveContent [a+bxXx,Xx]]/ (2xbxq) -
3/ (2xbxq) *Subst [Int[1/ (q+X) ,X],X, (c+d*x)~(1/3)] +
3/ (2xb) *Subst [Int[1/ (q*2-q*X+X"2) ,X],X, (C+d*Xx)~(1/3)]1] /;
FreeQ[{a,b,c,d},x] && NegQ[ (bxc-axd)/b]

1

- q X+ x>

dx, x, (c+dx)

1/3]
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Rules for integrands of the form (a+b x)~m (c+d x)~n

1
3.J dx whenbc-ad#0
(a+bx) (c+dx)?/3

1
1:J dx when 224 5 o
(a+bx) (c+dx)?/3 b

Derivation: Integration by substitution

bc-ad)1/3 1 . 1 3 1/3 1/3
Basis: Let q= (22¢)™, then vl Lo Prevymeierey e P S LR L R K CREEY

Rule1.1.1.2.7.3.1: If 224 > @, let q- (2=2¢), then

1
J dx —
(a+bx) (c+dx)?/3

1
Subst[J— dx, x, (c+ dx)1’3]
g% +qx +x2

Log[a +bx 3 1
_Losl I Subst[j

dx, X, (c+dx)1/3] -
2bg? 2bq? q-x

bq

Program code:

Int[1/((a_.+b_.*x_)*(c_.+d_.*x_)"(2/3)),x_Symbol] :=
With[{q=Rt[ (bxc-axd)/b,3]},
-Log [RemoveContent [a+bxx,x]]/ (2xb%xq"2) -
3/ (2xbxq”~2) x*Subst [Int[1/ (9-X) ,X],X, (c+d*x)"(1/3)] -
3/ (2xbxq) *Subst [Int[1/ (q*2+q*X+X"2) ,X],X, (c+d*Xx)~(1/3)1] /;
FreeQ[{a,b,c,d},x] && PosQ[ (bxc-axd) /b]

1
2: J. dx when 2524 4 o
(a+bx) (c+dx)?/3 b

Derivation: Integration by substitution

Basis: Let q- (—%)1/3, then z = - z +Subst + 2 » %, (€+dx)*?] o (c+dx)??

(a+bx) (c+dx)?/3 2q? (a+bx) qu (a+x)  2bq (q*-qx+x?)

Rule 1.1.1.2.7.3.2: If 2<-24 3 @, letq- (-2=2¢)"", then



Rules for integrands of the form (a+b x)~m (c+d x)~n

1
J dx —
(a+bx) (c+dx)2/3

Log[a + b x]
- +
2bgq?

3
2bgq

3 1
Subst[J dx, x, (c +dx)1/3] +
2bg? q+Xx

Program code:

Int[1/((a_.+b_.*x_)*(c_.+d_.*x_)"(2/3)),x_Symbol] :=
With[{q=Rt[- (bxc-axd) /b,3]},
-Log [RemoveContent [a+bxx,Xx]]/ (2xb%xq”2) +
3/ (2xbxq”2) *Subst [Int[1/ (q+X) ,X],X, (c+d*x)~(1/3)] +
3/ (2xbxq) *Subst [Int [1/ (q*2-q*X+X"2) ,X],X, (c+d*x)~(1/3)1] /;
FreeQ[{a,b,c,d},x] && NegQ[ (bxc-axd)/b]

1
4.j dx when bc-ad#0
(a+bx)3 (c+dx)?/3

1
1:J dlxwhenbc—ad;ea/\%>0
(a+bx)¥3 (c+dx)?/3

b

1 V3 q 2q (a+bx)1/3 1
J(a+bx)1/3 (c +dx)?/3 e d ArCTan[ 13+
V3 (c+dx)¥3 /3

Rulel.1.12.74.1:1fbc-ad+0 A 4>0,letqg= (2)"? then

Program code:

Int[1/((a_.+b_.*x_)"~(1/3)*(c_.+d_.*x_)"(2/3)),x_Symbol] :=
With[{q=Rt[d/b,3]},
-Sqrt[3]*q/dxArcTan[2xqx (a+b*x)~ (1/3) / (SqQrt[3] * (c+d*x)~(1/3))+1/Sqrt[3]] -
q/ (2*d) xLog[c+d*x] -
3xq/ (2%d) xLog [q* (a+bxx) ~ (1/3) / (c+d*x)~(1/3)-11] /;

FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && PosQ[d/b]

1
Subst [J— dx, x, (c+d x)1/3]

g% -qx+x2

]—iLog[c+dx] -
2d

3q
2d

Log[

q(a+bx)3

(c+dx)/3

_1]

20



Rules for integrands of the form (a+b x)~m (c+d x)~n

1
Z:J dx whenbc-ad#0 A 230
(a+bx)3 (c+dx)?/3 b
- 1/3
Rule1.1.1.2.7.42:ff bc-ad # 0 A % *0,letg = (- %) '3 then
1 V3 q 1 2q (a+bx)?t/3
J e o, dx — ArcTan| — - —M8M8MM—
(a+bx) (c +dx) d NE /3 (c+dx)/3

Program code:

Int[1/((a_.+b_.xx_)~(1/3) % (c_.+d_.xx_)~(2/3)),x_Symbol] :=
With[{q=Rt[-d/b,3]},
Sqgrt[3]*q/dxArcTan[1/Sqrt[3]-2xq* (a+bxx) " (1/3) / (Sqrt[3]* (c+dx*x)"(1/3))] +
q/ (2%d) xLog [c+d*Xx] +
3xq/ (2xd) *Log[q* (a+bxx)~ (1/3) / (c+d*x)~(1/3) +1]1] /;

FreeQ[{a,b,c,d},x] & NeQ[bxc-axd,0] &% NegQ[d/b]

3q
+ — Log[c+dx] + — Lo
2d 2d

dl

q (a+bx)/3

(c+dx)1/3

21



Rules for integrands of the form (a+b x)~m (c+d x)~n

5: J(a+bx)'" (c+dx)"dx whenbc-ad#@ A -1<m<® A n=m A 3 <Denominator[m] <4

Derivation: Piecewise constant extraction

a+bx)™ (c+dx)™ 0
(a+bx) (c+dx))™

Basis: Oy <<

Rule1.1.1.2.75:f bc-ad+0 A -1 <m< 0@ A 3 <Denominator[m] < 4,then

(@a+bx)" (c+dx)"

J.(a+bx)'“(c+dx)"dlx—> )mj(ac+(bc+ad)x+bdx2)mdlx

(ac+ (bc+ad) x+bdx?

(@a+bx)" (c+dx)"

((@a+bx) (c+dx))"

~f(a+bx)"‘(c+dx)"d1x—> J(ac+(bc+ad)x+bdx2)mdx

Program code:

Int[(a_.+b_.*x_)"m_x*(c_+d_.*x_)”m_,x_Symbol] :=
(a+b*x) *mx (c+d*x) *m/ (axc+ (bxc+axd) *xx+bxd*x"2) *mxInt[ (axc+ (bxc+axd) xx+bxdxx"2) *m,x] /;
FreeQ[{a,b,c,d},x] & NeQ[bxc-axd,0] & LtQ[-1,m,0] & LeQ[3,Denominator[m],4] && AtomQ[bxc+axd]

Int[(a_.+b_.*x_)"m_=* (c_+d_.*x_)”~m_,x_Symbol] :=
(a+bxx) *m* (c+d*x) *m/ ( (a+b*X) * (c+d*x) ) *m*xInt[ (axc+ (bxc+axd) *x+bxd*x"2) *m,x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] && LtQ[-1,m,0] &% LeQ[3,Denominator[m] ,4]
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Rules for integrands of the form (a+b x)~m (c+d x)~n 23

6: J(a+bx)'"(c+dx)"d1x whenbc-ad#0 A -1<m<@® A -1<n<©

Derivation: Integration by substitution

Basis:If pe z*,then (a+bx)™ (c+dx)" = ESubst{xp (m+1) -1 (c - % +

ola

xP) ", X, (a+bx)'P] o (a+bx)/P

Rulel1l.1.1.2.7.7:1f bc-ad+0@ A -1<m<® A -1 <n<0,letp =Denominator[m], then

ad dxP
J(a+bx)"‘ (c+dx)"dx — ESubst[Jx" (m+1)-1 (c— —

n
) dx, X, (a+bx)”"]
b

Program code:

Int[(a_.+b_.*x_)"m_x(c_.+d_.*x_)"n_,x_Symbol] :=
With[{p=Denominator[m]},
p/bxSubst [Int [x" (p* (m+1) -1) * (c-axd/b+d*x"p/b) *n,x] ,x, (a+bxx)~ (1/p) ]] /3

FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] && LtQ[-1,m,0] && LeQ[-1,n,0] && LeQ[Denominator[n],Denominator[m]] &&
IntLinearQ[a,b,c,d,m,n,x]



Rules for integrands of the form (a+b x)~m (c+d x)~n

H. J(a+bx)'“(c+dx)"d1x when bc-ad#0
1. J(bx)"‘(c+dx)"dlx

1: J(bx)’" (c+dx)"dx whenm¢Z A (n€Z V c>0)

Rulel.1.1.2.H1.1:ifm¢Z A (neZ V c > 0),then

cn (b X) m+1

dx
b (m+1) ]

Hypergeometric2F1 [—n, m+1l,m+2, -—

j(bX)m (c+dx)"dx —
C

Program code:

Int[(b_.*x_)"m_x(c_+d_.*x_)”n_,x_Symbol] :=
cnx (bxx) ~ (m+1) / (b%x (m+1) ) xHypergeometric2F1[-n,m+1,m+2,-dxx/c] /;
FreeQ[{b,c,d,m,n},x] && Not[IntegerQ[m]] && (IntegerQ[n] || GtQ[c,0] && Not[EqQ[n,-1/2] && EqQ[c~2-d"2,0] && GtQ[-d/ (bxc),0]])

2: J(bx)"‘ (c+dx)"dx whenn¢z A (meZ v -bd—c >e)

Rule1.1.12.H1.2:fn¢z A (meZ V - bd—c >0),then

(c +dx)m? . dx
(bx)™ (c+dx)"dx — —Hyper‘geometr‘1c2F1[—m, n+1l,n+2, 1+ —]
c

d(n+1) (-bd—c "

Program code:

Int[(b_.*x_)"m_x(c_+d_.*x_)”"n_,x_Symbol] :=
(c+d*x)” (n+1) / (d* (n+1) % (-d/ (b*c) ) “m) *Hypergeometric2F1[-m,n+1,n+2,1+d*x/c] /;
FreeQ[{b,c,d,m,n},x] && Not[IntegerQ[n]] && (IntegerQ[m] || GtQ[-d/ (bxc),0])
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Rules for integrands of the form (a+b x)~m (c+d x)~n

3. J-(bx)"‘(c+dx)"dlx when m¢Z An¢zZ A c3$0 A —iia

1: J(bx)"‘ (c+dx)"dx whenm¢Z AN¢zZ A cCpO A —bd—cj»OA (MER V n¢R)

Derivation: Piecewise constant extraction

Basis: 0y 14X __ g

(1+52)"
Rule1.112.H13.L:1fm¢Z An¢gZ AC¥@ A - %8 A (MeR V n¢R),then

cIntPart[n] (C +d x)FracPart[n] dx\n
(bx)" (c+dx)"dx — ‘fwxﬂ[1+——)dx
C

FracPart[n]
(1 + de)

Program code:

Int[(b_.*x_)"m_x(c_+d_.*x_)”n_,x_Symbol] :=
c IntPart[n] * (c+dxx) ~*FracPart[n]/ (1+d*x/c) ~FracPart[n] *Int[ (b%x) “mx (1+d%*x/c)*n,x] /;
FreeQ[{b,c,d,m,n},x] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[GtQ[c,0]] && Not[GtQ[-d/ (bxc),0]] &&
(RationalQ[m] & Not[EqQ[n,-1/2] & EqQ[c"2-d~2,8]] || Not[RationalQ[n]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n

2: J.(bx)’" (c+dx)"dx Whenm¢Z A n¢Z A c$0 A -bd—c;e/\ - (MER V N¢R)

Derivation: Piecewise constant extraction

Basis: Oy f_k’ﬁ)ﬂm -0

Rule1.1.12H132:fm¢Z An¢gZ Ac? @A -2 3@ A - (MeER V ngR),then

(_bd_c)lntPart[m] (bX)Fr‘acPart[m] dx\m
(bx)" (c+dx)"dx — (-—] (c+dx)"dx

( d_x) FracPart[m] c
c

Program code:

Int[(b_.*x_)”"m_x(c_+d_.*x_)”"n_,x_Symbol] :=
(-bxc/d) ~IntPart[m] % (bxx) ~*FracPart[m]/ (-d*x/c) *FracPart[m] *Int[ (-d*x/c) *mx (c+d*x)*n,x] /;
FreeQ[{b,c,d,m,n},x] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[GtQ[c,0]] && Not[GtQ[-d/ (bxc),0]]



Rules for integrands of the form (a+b x)~m (c+d x)~n

2. J(a+bx)’“(c+dx)"dlx when bc-ad#0 Am¢z

b
bc-ad

1: J(a+bx)m (c+dx)"dx whenbc-ad#@ Am¢z A (neZ \% >0)

Rulel.l.12H22L:lfbc-ad#@ Am¢z A (nez VvV >~ >0),then

d (a+bx)
e ad ]

N . (a +bx)m™? .
(a+bx)" (c+dx)"dx — Hypergeometric2F1|-n, m+1, m+2, -
n

b(m+1)(bcl_’ad) bc-ad

Program code:

Int[ (a_+b_.*x_)"m_x(c_+d_.*x_)”"n_,x_Symbol] :=
(bxc-axd) *nx (a+b*x) ~ (m+1) / (b~ (n+1) » (m+1) ) xHypergeometric2F1[-n,m+1,m+2,-d* (a+bxx) / (bxc-axd)] /;
FreeQ[{a,b,c,d,m},x] & & NeQ[bxc-axd,0] &% Not[IntegerQ[m]] && IntegerQ[n]

Int[(a_+b_.*x_)"m_x (c_+d_.*x_)"n_,x_Symbol] :=
(a+bxx)~ (m+1) / (bx (m+1) » (b/ (bxc-axd) ) ~n) xHypergeometric2F1[-n,m+1,m+2,-d* (a+bxx) / (bxc-axd)] /;
FreeQ[{a,b,c,d,m,n},x] &% NeQ[bxc-axd,0] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && GtQ[b/ (bxc-axd),0] &&
(RationalQ[m] || Not[RationalQ[n] & GtQ[-d/(bxc-axd),0]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n

b
bc-ad

Z\[w+bxﬂ(c+dm"dXWMnbc—ad¢eAmez/\n$zA $0

Derivation: Piecewise constant extraction

. . d n
Basis: Oy < b(cc++ X o

bc-ad bc-ad

Rule1.1.1.2.H2.2.2:f bc-ad+0@ Am¢Z An¢Z A —2— % 0,then

bc-ad
(c +dX)FracPar't[n] bc bdx n
(a+bx)" (c+dx)"dx — (a+bx)" + dx
b IntPart[n] b (c+dx) FracPart[n] bc-ad bc-ad
(bc—ad) ( bc-ad )

Program code:

Int[(a_+b_.*x_)"m_x (c_+d_.*x_)"n_,x_Symbol] :=
(c+dxx) *FracPart[n]/ ((b/ (bxc-axd))~IntPart[n]* (b* (c+dxXx) / (bxc-a*d) ) ~*FracPart[n]) %
Int[ (a+bxx) *mxSimp [bxc/ (bxc-axd) +bxd+x/ (bxc-axd) ,x]"n,x] /;
FreeQ[{a,b,c,d,m,n},x] & NeQ[bxc-axd,0] && Not[IntegerQ[m]] & Not[IntegerQ[n]] && (RationalQ[m] || Not[SimplerQ[n+1,m+1]])



Rules for integrands of the form (a+b x)~m (c+d x)~n 29

S:J}a+buﬂ(c+dw"dxmmenu=e+fx

Derivation: Integration by substitution
Rule 1.1.1.2.S:If u == e + f x, then

1
J(a»fbu)’" (c+du)"dx — ;Subst[J(a+bx)m (c+dx)"dx, X, u]

Program code:

Int[(a_.+b_.*u_)"m_.*(c_.+d_.*u_)”n_.,x_Symbol] :=
1/Coefficient[u,x,1]*Subst[Int[(a+b*x)Am*(c+d*x)An,x],x,u] /5
FreeQ[{a,b,c,d,m,n},x] && LinearQ[u,x] && NeQ[Coefficient[u,x,0],0]

(* IntLinearQ[a,b,c,d,m,n,x] returns True iff (a+bxx)”mx(c+dxx)~n is integrable wrt x in terms of non-hypergeometric functions. x)
IntLinearQ[a_,b_,c_,d_,m_,n_,x_] :=
IGtQ[m,0] || IGtQ[n,0@] || IntegersQ[3xm,3xn] || IntegersQ[4xm,4xn] || IntegersQ[2xm,6xn] || IntegersQ[6xm,2xn] || ILtQ[m+n,-1] || IntegerQ[m-



